AC Stark shift noise in QND measurement arising from quantum fluctuations of light 
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In a recent letter [Auzinsh et. al. (physics/04030971] we have analyzed the noise properties of 
an idealized atomic magnetometer that utilizes spin squeezing induced by a continuous quantum 
nondemolition measurement. Such a magnetometer measures spin precession of N atomic spins 
by detecting optical rotation of far-detuned probe light. Here we consider maximally squeezed 
probe light, and carry out a detailed derivation of the contribution to the noise in a magnetometric 
measurement due to the differential AC Stark shift between Zeeman sublevels arising from quantum 
fluctuations of the probe polarization. 



In this companion note to Ref. Q, we explicitly per- 
form a calculation of the effect of quantum fluctuations of 
the probe light polarization on the atomic spins. (All ref- 
erences to equations not preceded by "A" refer to equa- 
tions from Ref. 0.) 

For nominally y-polarized light there is a small, ran- 
dom admixture of circular polarization caused by vacuum 
fluctuations in the orthogonal polarization. Such random 
circular polarization causes a differential AC Stark shift 
between the Zeeman sublevels. Consequently, atoms ini- 
tially polarized along x will precess in the xy-plane by an 
angle a xy . 

As discussed in Ref. [l| [Eq. (19)], the quantum fluc- 
tuations of the probe light polarization can be described 
using the ellipticity operator introduced in Ref. 0: 
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The quantum fluctuations of the ellipticity can be calcu- 
lated from Eq. (20) 
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Assuming that the re-polarized field is the unsqueezed 
vacuum |0), for which 
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where in Eq. (|A.6|I all terms except the second one are 
zero by the properties l)A.2(l and (|A.3J> . By employing the 
relation a x a\. = 1 + a x a x (derived from the commutation 
relation \a x , 4 

] = 1) to Eq. P"7|) . we obtain 
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Thus we find 
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as stated in Eq. (20). 

Equation (21) from Ref. Q gives the resulting differ- 
ential AC Stark shift of the ground state magnetic sub- 
levels: 
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^From Eqs. (6), (20), and (21) we obtain the expression 
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The differential Stark shift causes the atomic polarization 
vector to precess by a random angle in the xy-plane, and 
after time r it has rotated by 
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Thus we have, by substituting Eq. (|A. 1 0|> into Eq. I)A.11(I 

and employing the relation d 2 = A 3 To, 
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Equation (9) gives the optimum number of probe pho- 
tons to minimize the noise in the magnetic field measure- 
ment: 
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which, when substituted for N p h in Eq. I|A.12|) . yields 
Eq. (22): 
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What if squeezed probe light is used? In order to gain 
an advantage in polarimetric sensitivity, one must employ 
a local oscillator and heterodyne detection. Then the 
noise level is different depending on the phase of the local 
oscillator, and can in fact be less than shot noise. For 
example, if the squeezing technique discussed in Ref. 
is employed, the annihilation operator for squeezed light 

(fix) is g iven b y 
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where gl is a measure of the degree of squeezing, \ is the 
phase of the local oscillator, and the operator d x acts on 
the unsqueezed light states, in our case the vacuum |0). 
The quantum fluctuations of the squeezed probe light 
polarization are described by 
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where Eq. (|A.15|I can be derived in the same manner 
that E q. lfO)l was obtained by employing the expression 
(|A.14(I for the annihilation operator (as is done explicitly 
in Ref. 0). 

Assuming there is no absorption in the squeezing 
medium (which would degrade the amount of squeezing) , 
for maximally squeezed light with the phase of the lo- 
cal oscillator x chosen to produce minimum noise (see 
Ref. 0), we find that the noise in a polarimetric mea- 
surement of the optical rotation angle <p is 
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In order to satisfy the Heisenberg limit this requires that 

g 2 i 2 = N ph . (A. 17) 

However, atoms interact with all possible phases of 
the squeezed light, and thus the relevant ellipticity fluc- 
tuations for calculating the AC Stark shift effects for 
squeezed light are obtained by averaging over all phases: 
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This justifies the statement in Ref. [l| that 8e ~ 1 for 
maximally squeezed light. 
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